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Clustering in Low-Dimensional SO(N )-Invariant
Statistical Models with Long-Range Interactions

K. R. Ito!

Received May 25, 1982

We obtain upper bounds for the two-point correlation functions in statistical
models in one or two dimensions which have SO(N) symmetry. This clarifies
upper bounds for long range interactions for which there exists clustering.
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reflection positivity.

1. INTRODUCTION AND MAIN THEOREMS

There has been some interest in statistical models in low dimensions which
have long-range interactions.('~® In this paper we discuss (translationally
invariant) statistical models which have SO(N )-invariant two-body interac-
tions. As is quite well known,(!? there exists no spontaneous magnetization
in these models if the dimension is less than or equal to 2. This is not the
case for long-range interactions or for long-range potentials.
This kind of model typically has the following Hamiltonian:
Hys)= 2 j(x=2)ss (1)
(xJ)EARA

where 5, € S¥~! (N > 2), A a bounded (rectangular) region in Z”, {j(n)
= j(—n) € R; n € Z"} is the potential, and a pair (x, y) is taken only once
in the sum. Furthermore, we assume

$12mi=1 j©)=0
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The corresponding Gibbs measure du, is given by
71— exp[ BH(s)| 1] ds, (2)
A X

where Z, is the normalization constant chosen so that [du, = 1.

We also discuss quantum models. However, in this paper we restrict
ourselves to the Heisenberg model without loss of generality, where we
replace s, by o, = (0},02,6) and [(-)du, by Tt{(-)expBH,]/Z,, respec-
tively. Here (0))* = ¢/ € Mat((2S + 1) X 28 + 1)), and

3

For given {j(n)=j(~n); n € Z"}, we consider a positive potential
{(J(n)=J(—n) > 0; n € Z"} such that

@I <JI(m), J0)=0,  XJ(n)<oo 4)
We define a generalized lattice Laplacian A7 by

zn:J(n), x=y
(—&)(x, y) = —J(n), x=y+n )
0, otherwise

Let
C~(k) = ng(—N)(x, O)eikx]_l= { ;J(n)(l - coskn)y1 (6)

be the Fourier transform of the Green’s function (—A’)~ 1()9 0), where
k €[—m,7) and we have used J(n)=J(—n). Obviously C(k)"!> 0.
Since 3J(n) < oo has been assumed, C(k)~' is continuous and C(k)™!
—0 as |k| >0. Since (A”)! may not be defined for » = 1 or 2, we define a
lattice Green’s function C, by

d’k

Co(x) = @y

(e™ = 1)C(k) )

Then Cy(x) < Cy(0) =0. Let us assume that é(k) is not integrable in a
neighborhood of k£ = 0. Then
lim Cy(x)= — 8
. Co(x) (®)
and what we claim is that there exists clustering whenever C(k) is not
integrable in a neighborhood of k = 0.
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We may assume that {J(n)} satisfies

(A) »=1: {J(n)} is such that Cy(x) = Cy(]x|) is monotone decreas-
ing and convex in |x|.
v=2: {J(n)} is such that Cy(x) is (approximately) rotationally
invariant, and monotone decreasing and convex in |x|
= (x} + xH)2 Namely, Cy(x)= C(|x|) + O(1), C(|x])
= monotone decreasing and convex.

For (A) to hold, the following (A’) is sufficient (see Appendix):

(A) v=1: {J(n)=J(—n)> 0} is reflection positive (RP).*
v=2: {J(n)=J(—n)> 0} is (approximately) rotationally in-
variant and reflection positive for the x, direction. Fur-
thermore: (1) J(n) < ¢||n|™37%, (2) [J(m)— J(n)| <
eln| =47 for ||m| - [n]| < 1, and (3) J(m)=J((n,],
1)) = J(|ny), |ny])) for any n = (n,,n,) € Z% where ¢
and ¢ are positive constants.

There are sufficiently many J(n)s which satisfy (A) or (A’). For
example, the following are RP (forr=1,2,...):

(i J(n)=constn™* a >0,
(i) J(n) = const(l1/nNlog*'n - - - log¥n, a > 0,

where n = |n| and log.n = log - - - logn (s times). See Appendix or Refs. 3,
6, 7 for the details.

These assumptions may be used in the classical or quantum SO(N)-
invariant models, but are not necessary at all in the case of the Villain
model, which is a variation of the XY model and has the U(1) symmetry.
And moreover we can obtain an almost optimal upper bound for this
model. Then it is quite meaningful to consider the Villain model, even
though this is defined only for positive potentials. Let

& B
Vareny(0) = > exp| — 5 J(m)(0 + 20y 9)

=—00

This is almost equal to const exp{ 87 (n)cos ] for large BJ(n). We define the
Gibbs measure of the Villain model by

1 0,
7 (E) Varx—n(0 = 6,)I1 5= (10)

where {J(n)} has been used instead of {j(n)} since the potential must be
positive in this model.
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Theorem 1. In the Villain model,
(sose) = (cos(By — B;)) < exp[ %co(g)} (11

for any potential {J(n)}.

Theorem 2. Assume that there exists a positive potential {J(n))}
which satisfies inequality (4) and condition (A) or (A’). Then for both
classical and quantum models,

|(So8¢)] < const[ - Co(f)]~y, y<1 (12)

Remarks 1. (1) Our upper bounds are optimal in the sense that they
cluster whenever C(k) is not integrable in a neighborhood of k = 0. If C(k)
is integrable, there exists spontaneous magnetization for large 8 (if the
potentials are RP(®),

(2) Our upper bound (12) is not optimal because it is known(>5® that
for » = 1 the two-point correlation functions satisfy L' clustering provided
that 3'|nj(n)| < c0. On the other hand (11) satisfies this requirement as is
proved in Lemma A.4. Then we conjecture that (12) may be improved in
the form of inequality (11). See Remark 2.

(3) Let » =1 for simplicity and let ® be the reflection operator with
respect to x = 1/2 (see Ref. 3). Then

Va(o— )= K| 1+ 2§ exp(—n2/2,8)cosn(00 - 0,)}
1

= K{l +2$exp(—n2/2,3)

X [cos nf,O(cos nfly) + (cos —> sin) ] }

where K > 0. Then the Gibbs measure of the Villain model with nearest-
neighbor interaction is RP. For long-range potentials, it seems to be an
open problem when the Gibbs measure is RP.

2. PROOF OF THEOREMS

Our proof is an extension of the method employed by McBryan and
Spencer® in order to obtain upper bounds for the two-point correlation
functions in the XY models (with short-range interactions). This method
may be called an estimate of integrals by means of complex translations.
Even though their method is very powerful for short-range potentials, some
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tricks are necessary when long-range potentials appear. This is not the case
for the Villain model.

Proof of Theorem 1. We first introduce a periodic box A =[~N,
NY N Z” and define the Gibbs measure dp, :

1 A _ by
ZA X,QACVBJ()“JC)(HX 0},)1;1 dar

where the long-range potential {J(n)=J(—n) > 0} is changed into a
periodic potential {f(n) = J(— n) 0}: f(m)-— J(n) if m,=n, €[~ N,N)
mod 2N, and furthermore 8, = .. if x, = x; mod 2N.

Let a(x) € R, and we change the contour 027 of df, as 0> ia(x)
27 + ia(x)—>2m. Vg (#) is holomorphic in § and Vg (8 + 2n7) = V, ()
for any # € C. Then this change of the contour is equivalent to #,—> 08, +
ia(x), 8, €[0,27). Now

1,(8 + i) < V(6 )exp( —2@ a2) (13)
Then by using the definition of Z,, we have
(exli(8y=0,)]) < oxp| ~[a(0) = a(?)]

+zﬁ(>

[a(x) - a(x + n)]z}

= exp{ ~[a@) ~a(®)] + £ (a.(-¥)a)} (14)

where A7 is the generalized lattice Laplacian defined by Eq. (4). (J is
replaced by J and periodic boundary conditions are imposed.) Replace
(- A’) by the strictly positive (— A7 + M?) > (—A'), where M2 > 0. Set

a(x) = [(=8"+ 1% 'f](x)
J()=8.,-

(15)
Then we have
I 7 -1
(>« exp[— —Z—E(f,(_AJ+M2) f)}
Let M — 0 after taking the thermodynamic limit N — cc. Then

<><exp[—71ﬁ-(ﬁ(_y)"f)]=exp[lﬁc0(§)} B (l6)
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Proof of Theorem 2 (Classical Spin Cases). As in Ref. 9, it
suffices to consider the XY model case (N = 2), where the Hamiltonian is
given by

H= %j(y — x)cos(f, — 6,)

Now cos(f + ia) = cosf — isinf sinha + cosf[cosha — 1]. Then using
lexp Bjcos(8 + ia)| < exp[ Bjcos8 + B|jl(cosha — 1)] and the definition of
Z, we can start with

|<exp[i(00 - 0;)]>| < exp{ —[a(0) = a($)]
+,8§1J(n)[cosh(a(x) — a(x + n)) - 1]}
(17)

Set K = 2|Cy($)|, and without loss of generality we consider the case such
that K—> o as |{|— . In fact if K is bounded uniformly in {, our upper
bound is trivial. Then we can also assume K > 1 without loss of generality.
Note that

M(E)= M)
= sup |Co(x) — Co(x — §) = Co(x + n) + Co(x + n — {)|

xE€Z,nEsuppJ
<2 sup |Cy(x) = Cy(x — §)l (18)
xeZ”
By easy geometrical considerations using assumption (A),
C , =1
] 0(§ )I L4 (19)
|C0(§')|+ O(l), p=2

Namely, the maximum of |Cy(x) — Cy(x — )| is attained by x =0 or by
x = {. We choose a(x) as

sup |Co(x) = Co(x ~ )l =

a(x) = & 2L Cy(x) = Cox = 1)) 20)

Then

la(x) — a(x + n)] <(1+8)%logKEA (21)
where § =0 for » =1 and 6§ = O(X ") for » = 2. By using the monotone
increase of (coshx — 1)/x?, we have

cosh[a(x) —a(x+ n)] -1<(1+ e)A*ZeA% [a(x) ~a(x+ n)]2
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where € < 1 and € >0 as A - 0. Then we have
> BJ(n){cosh[a(x) — a(x + n)] — 1}

<lte BA %" (a,(—4)a)

2

_1+e€ -2_4 alogK2

=5 BA " %e (———BK )K

= g(l +e)(1 + 8) 2K TIH (/BT (22)

which is bounded uniformly in K > 1 provided y=a/8 < 1. [6§ =0 for
r=1and §=0O(K ") forr=2]
Finally

~[a(0)~a($)] =

So it suffices to choose y = « / A<l A

2a IOgKCO(g') = — —%log2[co(§)|~ (23)

Remark 2. If suppJ is bounded, M({;J) is bounded uniformly in ¢.
This is easily seen by showing that |Cy(x) — Cy(x + n)| is bounded uni-
formly in x if |n| < const. In this case a(x) = [Cy(x) — Co(x — {)]/B is the
best choice as in the case of the Villain model.®®

Proof of Theorem 2 (Quantum Model Cases). We restrict our-
selves to the quantum Heisenberg model of spin S defined by Eq. (3):

f)=Z '"Tr fef¥,  f=oy0, = 2 040; (24)
Consider the following transformation:
0! — 6! = cos o! + sind, o>
02— 2= —sinf,q] + cosf, o> (25)
6l>6=al

Since this is implemented by a unitary operator on C @5+ DIl the expecta-
tion value is left invariant by this transformation. Obviously

Z(8)=TrebH
is independent of {f,; x € A}, where A=H (6). Let f = f(6). Then

<f>=Z‘1f(Hg%) r fePl = 3Z_1f< )TrgeBH
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where

2
— i o A AN o (B 8)A —i(0s—6)A
g‘?"é%’, £=3g(8)=e""Wg, +e7 Mg

2
.= % [;o{jog * i(0g0f — 03053)}

Let 8, >0, = ia(x) (+ for g, , — for §_). Then

2
H—)Ej(n)[cos(gx —0,.,)> 006,
X, R 1

x x+n

—Sin(gx - 0x+n)[o;o)%+n - )%0;+n} + 0303 :l
+ Zj(n){cosh[a(x) —a(x+n)] - 1}
xn
2 . .
X {COS(Hx - 0x+n)210;0;+n - Sin(gx - 0x+n)[0,\1163%+n - G)%o)t+n}}

+ ixz,;lj(n)sinh[a(x) —a(x+n))]

X

2
—sin(f, — 0x+n)$o;a;+n +cos(d, — 0, ,)(0:07, — 070, )]

x“x+n

= H +8H * iH’ (26)

in this order, where H = H(6), 8H and H’ are self-adjoint operators and
each pair (x,x + n) is taken only once in the sum. Then

lexp( BH + BSH + iBH")]),

= Jim, | [exp( BH/myexp( BoH /myexp(= iBH'/m) |,

< llexp BH |yexp[ BIISH ||, ] = Zexp[ BIISH ||, ]
Thus using | j(n)|(cosha — 1) < J(n)(cosha — 1) as before, we have
KPT<3(UEs llw + 18- Nexo{ ~[a(@) = a(§)] + BK T ()

x [cosh(a(x) — a(x + n)) — 1]} (27)
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where each pair (x,x + n) is taken only once and (since n # 0)

K= +|olo?

=]

2.1 2
—— axox+"”w < const §

2
i i
2 0x0xtn
1

Thus the problem has been reduced to the classical XY model. W

Remark 3. In Ref. 4, Frohlich and Pfister remarked that the
McBryan-Spencer method can be extended to quantum models, but they
gave no proof.

3. REMAINING PROBLEMS AND DISCUSSION

Even though the bounds in Theorems 1 and 2 are optimal in the sense
that there exists spontaneous magnetization for large 8 whenever the upper
bounds do not decay, the decay rate in Theorem 2 may not be optimal.
This is because we could not control cosh[a(x) — a(x + n)] in an optimal
way which can increase rather rapidly as |{|—> oo whenever suppJ is
unbounded. As a result the upper bound in Theorem 2 fails to satisfy
L'-clustering for » =1 even if 3}|n||J(n)| < 0. On the other hand the
upper bound for the Villain model satisfies this requirement, and then we
conjecture that the optimal upper bound may be given as exp[const Cy({)
/B] for any model. In fact in the one-dimensional Villain model with
nearest-neighbor interaction, this upper bound gives the precise correlation
functions.’> (In fact it is easy to see that the correlation functions are given
by the Gaussian integral in this case. Then the McBryan-Spencer method
= approximation method by Gaussian integral®® is precise in this case.)

After almost finishing this work, the author became aware of Ref. 7,
where a similar upper bound is obtained for models which satisfy the
Bogolyubov inequality. In Ref. 7 RP is not essential and not assumed, and
on the other hand in our work the upper bound is improved. (y = 1/2 in
Ref. 7.) In this work reflection positivity is used to obtain max|Cy(x) —
Cox = §) = |Co(§)]- But |Cy(x) — Cy(x — ¢)| tends to zero as |x|— oo (the
Riemann-Lebesgue lemma) for any potential. Then reflection positivity
may be removed from our assumptions. [If reflection positivity is not
assumed, Cy(x) can change rather violently especially for small |x|. But this
will be controllable since we are interested in large |x| and |J(n)| must tend
to zero as |n|—> 00.]

The author hopes that these problems will be solved in a future
publication.

Remark 4. The conjectured upper bound exp[const Cy({)/B] may
hold only for large 8. In fact this means a faster decay for small 8, and on



756 o

the other hand the decay seems to be slower than that of the long-range
potential.

APPENDIX
LemmaA.dl. Let{J(n)>0;n€Z"}be RP(»=1,2,...)for the x,
direction. Let x = (x,,0,...,0), x,=1,2,... . Then Cy(x) is monotone

decreasing and convex in |x| = |x,| ( 0).

Proof. Introducing an artificial mass M > 0, we consider
Cu(x) = (M? = &) (x,0)
={q(0)q(x)>
1 1
-1 fq(O)q(x)exp[ - L(gm*- AJ)q)}qu (A))

where g(y) € R for all y € Z". Since J is RP, there exists a positive
measure dp( p) (defined through the transfer matrix®®) such that

<q(@)q(x)) = [ “exp[ ~ plxl]dp () (a2)

where exp[— p|x|] is monotone decreasing and convex in |x|. Then so is
Cy(x) and so is Cy(x), too. W

Since the reflection positivity itself is not necessary in our theorems, it
may be interesting to know to what extent our assumptions can be
weakened.

Lemma A.2. Let {J(n) >0; n€Z", n#0} depend only on (jn|,

...s|n)), and let J(n) be monotone decreasing in |n,]. Then Cy(x)=
Co((x4l, - - -, |x,])) is monotone decreasing in |x;|.

Proof. Let §,(x, y)=1for y = x + n and 0 otherwise. Noticing that
J(n) = J(— n), we consider

_ -1
(M2 - ) '= (M2 +SJ(n) - EJ(n)S,,)
n n
or equivalently

(1 ~ gf (n)Sn)_l(x,O) =80+ Ni;lx[z(N)(x) (A.3)
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where
¥O(x) = J (x)
YO(x) = BT (™ O (x = m)
and
J(n)y=—; ) : ez
M+ J(O) + Zm#(,](m)

Then Zf (n) <1 and J(0) is some positive number bigger than J(n),
|n| = 1. [J(0) can be chosen arbitrarily since §, = 1.] In the case » =1,

[o0]

VYx) =y M(x+ )= 3 [F(n) = (n+1)]

n=1

X[ = n) = ¢ Dx + n = 1))

+[J(0) = F ()] [¥P V(%) =™ (x + 1]
(Ad)

Since ¢ (— x) = ¢ (x) for all N, we see that {¢"(x)} are monotone
decreasing in |x| % 0 by induction with respect to N. The discussion is
similar for » > 2. W

But the convexity may not follow in this way. If » =1, any RP
potential {J(n) = J(—n); n > 1} is given® by

K8, +f0°°e—""[p+(p,) +(=1)" oo (w) ] de (A.5)

where K,p, > 0. Then if p_ =0, this is also monotone decreasing and
convex in |n|. By setting p_ =0, p, = p* 'log*y . . . logip we find that

J(n)=n""log"n ... logen (a>0:5=12,...)

is RP. This is also RP for» =2,3 ... .
For v < 2, J(n) = n~? is critical. In this case

1

= =1
<y o) TR T
ck= 1 -1

pllogk[ , =2

then — Cy({)—> o0 as |[{|—>oco. This is also the case for J(n)=n"*
logn .. .log.n (see Refs. 3, 7).
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Lemma A3. Let »=2 and let {J(n)>0; n € Z% n0} satisfy
(A"). Then (A) holds.

Proof.

Cl)y'= ;J(H)ZSinz%

kn)?
> [J<n>(2) +I(mO((kn))

In] < |k| =2

2 . 2@
+Ji‘n|>}k|—6d n‘](|”|)2sm 5 +R(k)

where J(|n|) = J((|n|,0)) for [n|€ Z and J(jn|+ s)=(1 - s)J(|n]) +
sJ(|n} + 1) for |nj € Z and s €[0,1]. 0 < 8 < 1 is chosen so that
S J(n)|nl*k|*< const|k|***
Inl < |&|~®
with 8, > 0. Since J(n) < const|n| >~ 9, § = 1/3 is sufficient. The remain-
ing term R(k) is bounded by

const [ sup J(n)sinlkz—"—J(H l)sinz——-——"k;kl ,
|n| >k~ L 1€[0,1]?
<comst 3 [SuPlJ(n) —J(n+ Din’k* + J(")lnlkz]
> (k=25 !

<const > (|n|727 + |n| 727 <)k? < const |k[***:
|n] > |K]~®
for some §,. Let
2
Fky= S JI(n (k; ) 4 d’nJ (|n)2 sin> K2
|n < |K|~® Inl > |&|~* 2

Then this is a rotationally invariant function of k = (k;,k,;). In fact
nnyk k, in (nk)* vanishes by symmetry (n;,n,)—>(n;, —n,). Now
C(k)~\(k) > ck?* ¢ >0 for |k| < e. {Since J is RP for the two directions,
this is the case for all k € [— o, #)?. This follows from J((1,0)) = J((0, 1))
= 0 which also follows from the expression in Ref. 3. See for example (A.5)
which shows this fact for » = 1.} Then

Cky= (F()[1+ 0(k™)]) ™

83 1 .
=[1+ O(lk>)] Fy 1+ O([k»)
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where 8; > 0, |k| < e and F(k) < O(|k|*) has been assumed without loss of
generahty Since F(k) > const k2 for |k| < €, O(k|®)F(k)~! is 1ntegrable

since » = 2. Then A holds since C(k)~' =0 only for k =0 if k € [— 7,7
|

Lemma A4. Let »=1 and let 3Pn/(n) < co [J(n) > 0]. Then L'
clustering holds for the Villain model:

2 sos ol < o0 (A.6)

Proof.

C(k)™'= S (n)2sin? 2K

<[ Slalsn)sin 5 1
=3 4 3 Jsfsin %

Il <[KI=12 jn| > k|12

<[const{k|l/2 + > an(n)lJ[k|
In) > k| =1/
= g(kDIK]
where g(|k|)J0 as |k|J0. Now

il O R 2xk dk o _
f_n ] dk = f4s1n 2 1= constlog x|

Then Cy(x) < — D(x)log|x|, where D(x)—> oo monotonically as |x|— 0.
This means

exp[(l/,B)Co(x)] const(1 + |x[)~*

foranya>1. W
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